HOMEWORK SOLUTIONS MULTIVARIABLE CALCULUS
Section 16.8 - 1, 2, 5, 7, 10, 14, 17

1. Both ff and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, smooth curve 4yt =4,
z = [N{which we can take to be onented positively for both surfaces). Then i and P satisfy the hvpotheses of Stokes®

Theorem, so by (3) we know [ curl F-dS = [ F.dr = [ curl F - d8 (where ' is the boundary curve).

2 The boundary curve £ is the circle o' 4" =1, = = 0 oriented in the counterclockwise direction when viewed from above.
A vector equation of C s r{t) = Scos#i4 3sintj,0 < ¢ < 2m, sor' () = —3sinti+ Jcosi jand

Firit)) = 2(3sint){cos0) i + el t{_zi:iII. 0)j+ (Fcos f}leﬂ' sint g — Gsinti+ (3 cmt}ea sint e Then, by Stokes” Theorem,

JfcurlF-dS = [ F-dr = [ F(r(t)) - r'(t)dt = [ (—18sin® ¢ + 0+ 0)dt = —18[2f — Lsin26] " = —18m.

5. (7 15 the square in the plane = = —1. Rather than evaluating a line integral around C' we can use Equation 3:
"I.‘I."’-I. curl F-dS = § F . dr = ff_,;! curl F « dS where 5, is the original cube without the bottom and 5, is the bottom face
of the cube. eurl F = 2221 4 (ry — 2xy=) j + (v — zz) k. For S5, we choose n = k so that © has the same orientation for
both surfaces. Then curl Fon =y — rz = =+ y on Sz, where = = —1. Thus ffh curl F - dS = I_Ll f_]'ll{:r+y}ld':rdy =0

suj'j'_.gl curl FF - d5 =0

1 ourl F=—22i—2xj— 2y k and we take the surface 5 to be the planar region enclosed by ) s0 5 15 the portion of the plane
ztytz=lover D= {(r,y) |0=z<1,0=<y<1—z} Since C 5 oriented counterclockwise, we orient 5 upward.
Using Equation 16,710, wehmve s =glr.y) =1 -z —y P= -2 (= —2r, K = -2y, and

[ Frdr= [[ curlF -dS = [, [-(-22)(-1) — (-2z)(-1) + (- 2v)] dA
= [2 [i-=(~2)dydz = -2 [}(1 — z) dz = -1

10. The curve of intersection 15 an ellipse in the plane z = 5 —z. curl F =i — xk and we take the surface S to be the planar
region enclosed by " with upward orientation, so
§.F-dr= [[ieud F-dS= [ [-1{-1)—04(—z)]dA= " [} (1 - rcosd) rdrdd

2 py2 <0

= ;’f: [r—rzcmﬁ']drdﬁ'=f:'{§—9cmiﬂ:|dﬂ= [,_-'-:H—Q.lii.nﬂ]j’ =Gy
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The paraboloid intersects the plane = = 1when 1 =5 —2? —y* & 2% 4 ® = 4, so the boundary curve O s the cirele
¥ +y* = 4, z = 1 ariented in the counterclockwise direction as viewed from above. We can parametrize C' by
rit) = 2costi+ 2sintj+ k0 < ¢ € 27, and then v'(f) = —2sinti+ 2cosi j. Thus
F(r(t)) = —4sinti+ 2sinij+ Geostl, Flr(t)) - () = Ssin® £ + 4sint cost, and
§.F dr= [%(8sin® t + dsintcost)dt = 8 (4t — Lsin2t) + 2sin” )07 =87

Mow curl F = {—3 — 2y) j + 22 k, and the projection D of 5 on the zy-plane is the disk z° 4 y* < 4, so by Equation 16.7.10
with 2 = g{z,y) =5 — = — " we have
[focurl F-dS = [f, [0 — (=3 = 29)(~25) +2:]dA = [, [~6y — 45* +2(5 — 2* = )] 4

= [i7 Jo [“trsin® — 4r* sin® 0 + 2(5 — r*)] rdrdf = [J7 [-20" sin® — v sin® 0 + 5* — L0770 do

= [ (—165ind — 165in° 0 + 20 — 8) df = 16cosf — 16 (30 — S sin20) +126]." = &=

[t is easier to use Stokes” Theorem than to compute the work directly. Let 5 be the planar region enclosed by the path of the
particle, so 5 15 the portion of the plane = = %-y for0 <z <1,0=<y< 2, with upward orientation.
curl FF = 8yi+ 224+ 2y kand

foF-dr= [[emlF-dS = [, [-Sy(0) -2z (3) + 2u]dA = j.l:ll .I'f (2 — qu) dydx

=.ru] :%ydyd':r=fu1 %‘i‘l'r]ﬁ dI=Ll3dr=3



