HOMEWORK SOLUTIONS MULTIVARIABLE CALCULUS
Section 16.3 - 1, 5, 9, 13, 17, 20, 21, 24, 26, 33

1. " appears to be a smooth curve, and since ¥V 1s continuous, we know [ is differentiable. Then Theorem 2 says that the value

of [, W - dr is simply the difference of the values of f at the terminal and initial points of C'. From the graph, this is
a0 = 10 = 40.

5 Ae® cosy)fBy = —e siny, He® siny)/dr = ¢ sin y. Since these are not equal, F is not conservative.

9. Alny + 2xy*) /8y = 1fy + 6ry”® = 8(3x"y* + x/y) /B« and the domain of F is {(z,y) | ¥ > 0} which is open and simply
connected. Hence F' is conservative so there exists a function f suchthat Vf = F. Then f:(z,y) = lny + 2y implies
flzy) =zny+°y* + gly) and fy(x.¥) = 2y + 32°y" + ¢'(y). But fy(z.y) =3y + zfys0 g'(y) =0 =

gly)=Kand flz.y) =zlny +I2y?' + K is a potential function for F.

13. (a) f.(x,y) = xy” implies f(x,y) = day” + o(y) and f,(x,y) = =y + ¢'(y). But fy(z,y) = ="y s0g'(y) =0 =
gly) = K, aconstant. We can take i =0, s0 fz.y) = 12°y°
(b) The initial point of C is £(0) = (0, 1) and the terminal point is r(1) = (2, 1), so
JoF.de=f(2,1)=f(0,1)=2-0=2.

17.{a) fo(z.y, z) = yze™ implies f{x, y,. =) = ye™ + gy, z) and so f(x. . 2) =™ + g, (y. z). But f(x.y z) =" 50
gply,2) =0 = gy ) = k(z). Thus flz,y, =) = ye™ + h(z) and folz, 9, 2) = zye™ 4+ A (). But

felzy, 2) = zye™ 50 h'(z) =0 = h{z)= K Hence f(z,y, z)=ye** (taking K =0).

(b) r{0) = {1, -1,0),r(2) = (5.3.0) so [, F-dr = f(5,3,0) = f{1,-1,0) = 3" + " = 4.

20. The functions siny and x cos i — siny have continuous first-order derivatives on B* and
a . ] . . . ‘s
E (siny) = cosy = e (reosy = siny), 50 Flx,y) = siny i 4 (xoosy = siny) j is a conservative vector field by
E ar

Theorem 6 and hence the line integral is independent of path. Thus a potential function f exists, and fz(x, y) = siny implies
flz,y) = rsiny + gly) and fy(x, ¥) = xcosy + g'(y). But fy(x, ) = xeosy = siny so
g'l[y} ==siny = gly) =cosy<+ K. Wecantake K’ =0, 50 fx,y) = xsiny 4 cosy. Then

ff._. sinydr 4 (xeosy =siny)dy = f(l,7) = f(2,0) = =1=1==2,

2. If F is conservative, then [, F - dr 1s independent of path. This means that the work done along all piecewise-smooth curves

that have the described initial and terminal points is the same. Your reply: It doesn't matter which curve is chosen.



M Flo,y)=eYi—ze™"j W = L-.F - dr. Since % [f_""'] = =g~ ¥ = a—{—re'*'],ﬂhﬂle exists a function [ such that
= i x
Vi=F Infact, f =™ = floy)=xe"¥4gly) = [f,==ze"" +g'(y) = g'(y) =0, sowe can take

flx.y) = xe™ as a potential function for F. Thus W = [ F-dr = f(2,0) = f(0,1) =2 =0=12.

26. If a vector field F is conservative, then around any closed path , [, F - dr = 0. For any closed path we draw in the field, it
appears that some vectors on the curve point in approximately the same direction as the curve and a similar number point in

roughly the opposite direction. (Some appear perpendicular to the curve as well.) Therefore it is plausible that [, F - dr =0

for every closed curve O which means F is conservative.

3 D= {{z.y) |1 <" +y° <4 y =0} is the semiannular region
in the upper half-plane between circles centered at the origin of radii

1 and 2 (including all boundary poirts). /--\

(a) £ includes boundary points, so it is not open. [Note that at any

boundary point, (1,0) for instance, any disk centered there cannot lie
entirely in 1.
{b) The region consists of one piece, so it's connected.

(¢} I is connected and has no holes, so it’s simply-connected.



