HOMEWORK SOLUTIONS MULTIVARIABLE CALCULUS
Section 14.7 - 1, 6, 13, 18, 29, 33, 40, 43, 51

1. (a) First we compute D{1,1) = feu(1, 1) fuul1, 1) — [feu (1, 1)]* = (4)(2) — {1)* = 7. Since D({1,1) > 0 and
Fre(1.1) = 0, f has a local minimum at (1, 1) by the Second Derivatives Test.
(b) D{1,1) = feull, 1) Funl1.1) — [faul1,1)]* = (4)(2) — (3)* = —1. Since D{1,1) < 0, f has a saddle pointat {1, 1) by
the Second Dervatives Test,

b flz.p)=zy—2r -2y —2" —y* = fo=y—-2-2r
fo=z—2-2, foo=-2 fo, =1, fy, =—2 Then f, =0 implies
=2z + 2, and substitution into f, =0 gives z — 2 — 2(2xr 4+ 2) =0 ==

—dr=6 = x=-2 Theny = —2and the only critical point is

(—2,—2). D{x.y) = fexfoy — (Feu)® = (—2}—2) — 1% = 3, and since
D{-2,-2) =3 >0and fer -2, -2) = -2 <0, f{-2,-2) =4 isa

local masamum by the Second Derivatives Test.

1B flz,y)=ccomy = f,=¢c"cosy, [, =—"siny
Now fe = Dhimplies cosy =0ory = % + m for rean integer.

But ﬁin{% + 'I'tTl';I #£ 1, s0 there are no critical points,

18 f(r,y) =sinzrsiny =+ f:=cosrsiny, f, =sinr cosy, foe = —sinr siny, fip = cosr cosy,
fuy = —sinz siny. Herewe have —r < r < 7mand —w <y < m, 50 fr =0implies coszr =0 orsiny = 0. [fcosx =0

thenx = —%ur%,.imd ifsiny = 0theny = 0. Sul:rslitl.li.ng:'=:l:§ into fy =0givescosy =0 = y= —%ul%, and

substituting y = D into fy = O givessinz =0 = =z = 0. Thus the critical points are [—%, £}, (F. £3 ), and {0,0).

0{0,0) = =1 < 050 (0,0) 15 a saddle point.

D(~%.£8) = D(£.£5) =1 > 0and

furl 4. —2) = Fon($.3) = —1 < O whil

Jer(~3.8) = Lo (5.-8) = 1 > 050 f(~3.-3) = /(£,5) =1
z

are local maxima and f{—?. %j = f{%—*?} = 1 are local minima.
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Since f s a polynomial it is continuous on [, 50 an absolute maximum and minimum exist. Here fe = 2z — 2, f, = 3y, and
setting fe = f, = 0 gives (1,0) as the only eritical point (which is inside D), where £{1,0) = —1. Along L;: == 0and

Fl0,y) = Viwr—2<y<2a quadratic function which attains its minimum at ¢ = 0, where £(0,0) = 0, and its maximum

aty =2 where f(0.£2) =4 Along Ly y =z —2fwr0 <z <2 and f(r,x — 2) = 227 —ﬁ1+4=2[z—%}?—%,

a quadratic which attains its minimum at © = %, where f[%, —llr] = —é, and its maximum at = = 0, where f(0, -2} = 4.

Alng Ly y=2—zfor0 <z <2 and ’
10, 2y
flz.2—x)=22" —6r+4=2(z— %}ﬂ — £, a quadratic which attains i

its minimum at = = g-, where _fl{i-.. %} = —%, and s maximum at = = (),

where £{0,2) = 4. Thus the absolute maximum of fon D s fi0, £2) =4 L,
i, =2

and the absolute minimum s f(1,0) = —1.

flzy) =2 + ' — dzy + 2is a polynomial and hence continuous on D, so ¥

it has an absolute maximuom and minimum on 0, fa(x,y) = 4 — dgy and .2y i, 13,2
fulzy) = 4% —dxithen fe =0 implies y = =7, and substitution into . .
fi=0 = z=¢y gress” —z=0 = =zz*-1)=0 = z=0 *

or x = =1, Thus the cntical points are (0, 0), (1, 1), and [—1, —1}, but only 0,11} L XTI

(1,1) with £{1,1) =0 is inside ). On Ly: y =0, f(z,0) = z* + 2,

0 < z < 3, a polynomial in = which attains its maximum at = = 3, £(3,0) = 83_ and its minimum at z = 0, £(0,0) = 2.
OnLy z=3 f(3.y) =y* — 12y + 83,0 < y < 2, a polynomial in i which attains its minimum at y = 7,

£(3, ¥3) =83 — 9 T = 70.0, and its maximum at y = 0, f(3,0) = 83,

OnLyy=2 f(r.2) =z'— 8z + 18,0 < = < 3, a polynomial in = which attains its minimum at z = V2,

F(¥2,2) =18 — 6 ¥Z =~ 10.4, and its maximum at z = 3, f{3,2) =75. On Ly 2 =0, f(0,y) =¢* +2,0 <y < 2,a
polynomial in i which attains its maximum aty = 2, £{0,2) = 18, and its minimum at y = 0, £{0,0) = 2. Thus the absolute

maximum of f on D' f(3,0) = 83 and the absolute mimmum is f(1, 1) = 0.

Here the distance d from a point on the plane to the point (0,1, 1) isd = /2% + (y— 1) + [z = 1)%,

where z = 2 — &r + 2y We can minimize d* = flzy)=2"+(y— 1)+ (1—ix+ §y:|2,s::.1

felzy) =22+ 2(1 -3z + 3p) (%) = F=—gv— § and

jy[:z',y}=‘2{_y—l.]+2|:1—§:r+§y] (%:l = _%J:-I-%y—%. Sulv‘ing%:r—%y—%=Uu:n:l—%:r+%y—§=ﬂ

simultaneously gives x = lr—" and y = %, 0 the only cribeal pomt is {%_. %]
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This point must correspond to the mimmum distance, so the pomt on the plane closest o (0,1, 1) 15 []—54



83z +y+ = = 100, so maximize f(z,y) = 2y(100 —x —y). f, = 100y — 22y — 3%, f, = 100z — x* — 2ry,
fee = =2y, fyp = =2z, fo, = 100 — 2xr — 2y Then f- = 0 mplies y = 0 or y = 100 — 2z. Substituting % = 0 into
fy=0ghesz = 0orz = 100 and substituting i = 100 — 2z into f, = 0 gives 3z* — 100xr =050 r =0 or 42
Thus the critical points are (0, 0), (100, 0), (0, 100) and (42, 337).

D{0,0) = D(100,0) = D0, 100) = —10,000 while D(422, 10) = 10000 yng f,, (400 100) = 200 . (), Thus (0,0),

3 * 3
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(100, 0) and (0, 100) are saddle points whereas _fl:lgﬂ,igg] 15 a local maximum. Thus the umbersarez =y = =

§1. Let the dimensions be x, i and =z, then minimize zy + 2{zz + y=2) if zyz = 32,000 em®, Then
flz.y) = zy + [(L000(x 4 y)/zy] = zy + 64000(z~" +y~*), fo =y — 64,0002, f, =z — 64,000y~
And fo = 0 implies y = 64,000/ =%, substituting into f, = 0 implies z* = 64,000 or = = 40 and then y = 40, Now
Diz,y) = [[2){64.000)z*y~* = 1 > 0 for (40, 40) and fe. (40, 40) > 0 so this is indeed a minimum. Thus the

dimensions of the box are r =y = 40 em, = = 20 cm.



